ABSTRACT: We analyze the higher conserved charges of type IIB superstring on Ë ¢Ë from the perspective of a recently discovered generalized Gribov-Lipatov reciprocity. We provide several evidences that reciprocity holds for all the higher charges and not only for the energy. This is discussed in the simple case of twist Ä ¾, and ¿ operators in the sl´¾µ subsector at (a) multi-loop level in weak coupling, (b) classical level at strong coupling for the dual folded string.
Introduction and Discussion
In the last years the discovery of integrable structures in the contest of the AdS/CFT correspondence [1] has led to an impressive amount of new results, opening indeed a new direction in the search of quantitative test of the conjecture (see for example the recent review [2] ).
The first fundamental step in this direction was carried out in the seminal paper [3] , where it was realized that the dilatation operator in the in the so´ µ subsector of the gauge theory, in the large AE planar limit, acts on composite single trace gauge invariant operators as an Hamiltonian of a generalized spin chain; this approach was soon extended to the whole theory [4, 5, 6] .
After the translation to the spin chain formalism, one can employ the powerful algebraic techniques of the Bethe Ansatz. Using this approach a number of impressive multiloops results has been obtained [7, 8, 9, 10] , while the corresponding direct calculations using the standard field theory techniques would have been (almost) hopeless.
As usual, integrability emerges as factorized scattering of elementary excitations due to the existence of an infinite set of commuting conserved charges Õ . On the string side of the correspondence, the classical -model describing the strings in the curved background Ë ¢ Ë was proved to be a (classical) two dimensional integrable model; in fact, the model can be related to the integrable Neumann system [11] ; the infinite set of nonlocal classically conserved charges was found in [12, 13, 14] .
Despite the great interest in the integrability structures emerging in the AdS/CFT correspondence, the properties of the higher conserved charges have not been investigated at the same level of the first of them. Actually, Õ ¾ represents the eigenvalues of the dilatation operator, i.e. the anomalous scaling dimensions, or the energy of the dual string states. As such, it has a clear cut physical interpretation allowing. Although, the correspondence of the full tower of charges between weak and strong coupling has been investigated [15] , the physical properties of higher charges remain, in our opinion, less clear.
The aim of this paper is to begin an investigation of such features working in the framework of the sl´¾µ subsector. At weak coupling, this is a closed subsector under perturbative renormalization, composed by (linear combinations of) single trace operators of the form ÌÖ´ Ò½ Ò Ä µ (1.1) where AE È Ò is the total spin and the number of fields Ä is called the twist of the operator (the twist corresponds to the classical dimension minus the spin). In particular we will focus on the recently proposed generalized Gribov-Lipatov reciprocity [17, 18, 19] . It is a property that arises in QCD where the crossed processes of deep inelastic scattering and · annihilation can be treated in a symmetric approach based on modified DGLAP evolution equations for parton distributions. The modified DGLAP kernel È´AEµ obeys perturbatively ´AEµ È AE · ½ ¾ ´AEµ (1.2) where ´AEµ is the lowest anomalous dimension. Then, the reciprocity constraints is simply the claim that the large spin AE behavior of ´AEµ [18] can be written as the following asymptotic condition
where are suitable coupling-dependent polynomials and Â ¾ is the Casimir of the collinear subgroup ËÄ´¾ Rµ ËÇ´¾ µ of the conformal group [20] . Eq. (1.3) can be read as parity invariance under (large) Â Â.
An important point to be stressed is that reciprocity is not a rigorous prediction, but a physically motivated property which requires explicit tests at higher loop order. It is known to hold in many QCD and AE SYM multi-loop calculations [21] . In particular, four-loop reciprocity of the twist 2 supermultiplet in AE SYM has been proved in [22] .
A similar result for the five-loop anomalous dimension of twist-3 operators can be found in [7] . Other sectors have also been investigated, like the gluonic sector discussed in [23] .
On the string side the dual partner of the gauge operators is identified with the so called folded string´Ë Âµ solution: geometrically it describes a string stretched along the radial direction of Ë and rotating in Ë , with center of mass moving on a circle of Ë [24] . The first hint of the presence of reciprocity properties for the anomalous dimensions in the strong regime was found in [25] and the analysis was extended in [26] , where the property has found to hold also for the leading string 1-loop corrections. The higher charges at strong coupling have been computed in [15] for a string configuratioń Â ½ Â ¾ µ with two angular momenta on Ë and related to the´Ë Âµ folded case by analytic continuation (see the review [27] )
The analytic continuation relates the equations of motion and the conserved charged of the two -models.
Since from the integrability point of view all the conserved charges are on the same ground (i.e. the energy does not play a special role) it is natural to ask whether the higher conserved charges share the same reciprocity behavior. The result of this paper is indeed a substantial evidence that reciprocity holds for all the higher charges and not only for energy.
Our analysis will consider the minimal anomalous dimension non degenerate state in the class of twist 2 or 3 operators. The reason for such constraint comes from the following leading order (one-loop in weak couping and classical level in string theory) discussion 1 . Parity invariance implies analytical continuation of the energy spectrum in the spin AE which is an extremely nontrivial issue. Instead, we can consider the limit of large AE where we can obtain asymptotic expansion of the energy and, then, discuss the properties of the asymptotic series under parity. Quantized values of the energy and conserved charges form trajectories [28] which are enumerated by integers Ò . It is therefore quite natural that reciprocity/parity relation should also act on these integers. Besides, all energy levels except the minimal one are double degenerate. As a consequence, the minimal energy trajectory should go into itself under AE AE ½ while excited trajectories could mix with each other. Namely, denoting the coefficients of the transfer matrix Õ (closely related to the conserved charges), the corresponding transformation reads Õ ´ ½µ Õ .
This transformation leaves invariant the spectral curve of the sl´¾µ spin chain and the same arguments apply to the spectral curve of Ë ¢ Ë sigma model. Therefore, the 1 We thank G. Korchemsky for many very helpful discussions on this point.
following consideration applies both in gauge and in string theory.
Moreover, as discussed in [29] , the quantization condition for the conserved charges follow from the requirement for periods of the action to take values parameterized by the integers Ò mentioned above. To study reciprocity/parity, the quantization conditions should be expressed in terms of Õ ¾ . However, the quantized values of the integrals of motion turns out to depend also on the moduli AE ´Ò · ½ ¾µ ´ Õ ¾ µ ½ ¾ . If these moduli were absent, the integrals of motion were parity invariant (like the minimal energy trajectory). The presence of the moduli makes things more involved. The cases Ä ¾ ¿ are precisely free from this complications.
In the weak coupling regime we computed the first two non vanishing charges Õ at three-loops (plus the four-loops dressing part) and two-loops respectively, while on the strong coupling side we tested the first ten charges at classical level. Our result is that the kernel È Ö appearing in the relation
is reciprocity respecting in the sense of Eq. To conclude, we have expanded the scope of reciprocity in Ë ¢ Ë , including the natural discussion of higher charges. Of course, a few words are deserved to the interplay between reciprocity and finite size wrapping effects, i.e. TBA investigations. From this point of view, we have to tell between the weak coupling and strong coupling regimes. In the former, reciprocity has been established to be respected by wrapping corrections. Besides, it can be used as an efficient tool in order to constrain analytical prediction. A paramount example is the five loop computation of twist-2 anomalous dimension which includes a NLO wrapping correction 3 . Wrapping corrections to higher charges have not yet been studied, but are hardly expected to violate reciprocity, at least in our opinion. At strong coupling, things are less clear since one needs at least a one-loop analysis of the semiclassical string energies as well as an accurate expansion of energy or other conserved quantities at large spin.
Analytic computation of Õ Ö from the Baxter equation
We follow the BES convention [30] for the definition of the weak coupling expansion parameter
and the Ü-variables are defined as
The conserved charges are (the usual anomalous dimension is Õ ¾ )
The anomalous dimensions can be extracted from the solution of the Bethe Ansatz equations, or more efficiently, following the Baxter approach [31] . One introduces the Baxter operator whose eigenvalues É´Ùµ obey a relatively simple functional equation. If É´Ùµ is assumed to be a polynomial, then the Baxter equation is equivalent to the algebraic Bethe Ansatz equations for its roots to be identified with the Bethe roots [32, 33] . In practice, one considers the Baxter function which is the minimal polynomial with roots equal to the Bethe roots
The analysis of the multi-loop Baxter equation has been developed by A. Belitsky and collaborators 4 in great details [34] . In particular, analytic results for the multi-loop solution to the ËÄ´¾µ Baxter equation for twist Ä ¾, Ä ¿ operators can be found in [35] 5 . This means that the loop expanded Bethe roots
can be packaged in polynomials É ´Ùµ defined by
and that these polynomials are explicitly known in terms of hypergeometric functions, their derivatives and associated sums; the loop expansion of any charge can be written in a simple way in terms of these polynomials. The simplest way to present the results is to write (for a generic set of Bethe roots, not necessarily symmetric under Ù Ù) 4 We are vary grateful to Andrei Belitsky for many helpful discussions concerning the topics of this Section. 5 Note a missing Ù factor in the last term in Eq. (4.9) of [35] We find explicitly (for the first three charges)
A very simple sample calculation: Õ at one-loop
Let us consider the one-loop expression of the charge Õ . We have
where ´¿µ ¼´Ù µ is given by
Using (see for instance the appendices of [35] )
and the shuffle algebra for the harmonic sums 6 we find the simple result
In principle, all the results for Õ ¾ in the next sections can be obtained this way. However, in practice, it is much easier to use the maximum transcendentality Ansatz which is completely equivalent.
Ä ¾, closed formulae for multi-loops higher charges
In this section we present the obtained formulae for the first charges Õ ¾ ; the three-loops result for Õ ¾ it is already known [35] [36], we recomputed it as a consistency check, and report the result for completeness. For twist Ä ¾ the argument of the harmonic sums is the spin AE: Ë Ë ´AEµ.
Starting from the three-loops result for Õ ¾ we have:
The three-loops formulae for the first higher charge Õ read:
The harmonic sums are recursively defined by
It is well known that the all-loop Bethe equations must be "completed" by a dressing factor [30] [37] , that starts to contribute, at weak coupling, from the four-loops term: then, at four-loops we have that the Õ is a sum of two parts:
We report here only the ¿ part, which comes from the dressing phase and is a combination of transcendentality 6 harmonic sums. We have found
For the Õ charge we show the two-loops result:
4. Ä ¿, closed formulae for multi-loops higher charges
As in the previous section we report also the known result for Õ ¾ [38] [8] . For Ä ¿ the argument of the harmonic sums is half the spin AE ¾. Starting from Õ ¾ , we have: 
Large spin expansions
The large spin limit of the anomalous dimensions has been intensively investigated in the recent past, due to its relevance in the comparison with the string theory results.
In this section we report the large spin expansion for the previously obtained formulae: it has the usual form Õ Ö Ä´AE µ ÐÓ ´AEµ Ö´ µ · Ö Ä´ µ · where the coefficient of the ÐÓ ´AEµ is Ä-independent whereas the constant, (the virtual scaling function), is twist dependent. The functions Ö´ µ can be computed at all orders from the solution of the BES equation [30] , while the derivation of Ö Ä requires an integral equation which is valid at order Ç´AE ¼ µ [39, 40, 41, 42] . This expansion allows a non trivial check of our results and a comparison with the very useful results of [39] (section 5.1).
Again, we always report the three-loops Õ ¾ for better comparisons. Å is defined as Å AE for twist Ä ¾ and Å AE ¾ for Ä ¿; To simplify the notation we omit a factor in the argument of all logarithms; this reabsorbs all Euler-Gamma constants, as usual.
For twist Ä ¾ we obtain for Õ ¾ Õ and Õ respectively: 
The NLO terms at large spin from integral equations
From the exact results of the previous section we can immediately extract the NLO large spin expansion of the charges at twist Ä Õ Ö Ä´AE µ Ö´ µ ÐÓ AE · Ö Ä´ µ · Ó´AEµ It is worthwhile to note that our results are valid for any AE and, for instance, they provide the full large AE expansion of the charges, not just the above NLO coefficients.
Check of the scaling functions Ö´ µ
As a first check of our expressions, we found that Eq. (5.19) are in perfect agreement with an alternative (and more efficient) calculation of Ö´ µ from the BES equation: indeed, it is enough to plug the perturbative BES density ´Øµ defined in [30] in the following continuum limit expression of the charges
Note that this expression gives the contributions beyond one-loop which is enough for the higher charges, but which must be completed with the one-loop contribution in the case of the energy Õ ¾ .
For instance, we find from Eq. 
Check of the virtual scaling functions Ö Ä´ µ
As a further test Eq. (5.20) and Eq. (5.21) can be checked against the three-loops calculation of the virtual scaling functions reported in [39] . Their formulae, written consistently with our notation, provide the following result 
Reciprocity properties of the higher charges
Following and generalizing the treatment in [43] , for a Ä ¾ charge Õ Ö´AE µ the reciprocity condition can be defined as constraint on the large spin expansion: introducing the func-
reciprocity implies that the large AE expansion of È Ö involves integer inverse powers of AE´AE · ½µ only. A similar definition holds for twist-3 with AE ¾ in place of AE.
The definition of the function È Ö for the higher charges is not "trivial": at a first sight one could try to generalize the prescription for Õ ¾ simply replacing the argument with AE · ½ ¾ Õ Ö´AE µ, but this choice is not reciprocity respecting. In our definition of È Ö the argument is AE · ½ ¾ Õ ¾´AE µ. Additional reasons for this choice have already been discussed in the Introduction.
In the following subsections we list the perturbative functions È Ö for the various cases: they are combinations of harmonic sums with various transcendentality. It is convenient to rewrite the results in terms of the ª basis discussed in [43] , where the check of the reciprocity is straightforward: reciprocity holds iff the occurring ª have odd positive or even negative indices. 
Ä ¾, three-loops reciprocity of
As one can see from the previous formulae we find a very strong indication that reciprocity extends to the higher charges.
Strong coupling 7.1 Reciprocity of the energy
We consider the semiclassical sl´¾µ folded string, the dual partner of the single trace operators previously considered in the gauge side. As discussed in the Introduction this solution describes a string rotating in Ë ¢ Ë and stretched in the radial direction of 
The quantity ¡ is reciprocity respecting in the following sense. We first define the function by ¡´Ëµ ´Ëµ Ë Ë · ½ ¾ ´Ëµ (7.13) This is a good definition at large Ë since ´Ëµ ÐÓ Ë and the argument of can be treated perturbatively.
Applying the Lagrange-Bürmann formula, we find (Eq. and a straightforward calculation gives
Reciprocity is the absence of inverse odd powers of Ë in the above expansions (the terms inside boxes).
Higher conserved charges and their reciprocity
Let us consider the´Â ½ Â ¾ µ string and its higher charges appearing in [15] , Section 3.3 and reviewed in App. (A). In [15] Arutyunov and Staudacher analyzed the matching between the conserved charged for the closed su´¾µ sector; in the strong coupling regimes they constructed explicitly the higher charges by using the Bäcklund transformations in the integrable classical string -model. The first one beyond the energy is
where ½´Ø µ K´Øµ E´Øµ ·´Ø ½µK´Øµ℄ (7.20) ¾´Ø µ Ø´Ø ½µK´Øµ (7.21) and Ø is a modular parameter.
The two -models describing string on Ë ¿ ¢ Ë ½ and Ê ¢ Ë ¿ are simply related by analytic continuation of coordinates, and the conserved charges defined in [15] are as well expressed in terms of -model coordinates; equations of motion, their solutions and the charges are mapped by analytic continuation from one -model into another 7 . Upon analytic continuation to the´Ë Âµ string we know that Ø ½ ¾ Â (7.22) In analogy to the case of the energy, we propose to identify the coefficients ´Øµ of the various powers of ½ Â as non-trivial functions of the modular parameter which are reciprocity respecting 8 . Now, reciprocity must be tested on the functions defined by ´Ëµ Ë · ½ ¾ ´Ëµ (7.23) (where we have defined ´Ëµ ´ ½ ´Ëµµ).
The Lagrange-Bürmann formula takes now the following form (we omit for simplicity the index )
Notice that depends linearly on . Thus, linear combinations of reciprocity respecting quantities are reciprocity respecting. This linearity is due to the fact that does not appear in the argument of in the functional relation Eq. In both cases, there is parity invariance. Going to the next charge , we find the new structures ¿ K´Øµ ¿ ´ Ø µE´Øµ ·´Ø ½µ´½ Ø µK´Øµ℄ (7.28) 8 Notice, that it is non trivial to relate this quantities to the weak coupling charges ÕÖ . These have certainly a well-defined strong coupling limit as discussed in [46] , and an investigation of their reciprocity properties is an interesting problem. 
